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Abstract
In this work we study the effects of the electromagnetic coupling in natural inflation in a sys-
tematic manner using the Schwinger-Keldysh formalism. The corresponding influence functional is
evaluated to one-loop level. It can be interpreted as due to a single stochastic force. The equation
of motion of the inflaton field is therefore given in the form of a Langevin equation. Lastly, the
two-point and the three-point correlation functions of the inflaton field are worked out. They are
related to the power spectrum and the nongaussianity of the inflaton field, respectively.
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I. INTRODUCTION
In order to remedy some of the problems of the standard big bang theory, an inflationary
period has been introduced in the very early universe before the radiation dominated era [1].
For this inflation paradigm to work, the corresponding inflaton potential must be very flat,
or that the inflaton has to roll slowly to have sufficient e-folding expansion and large-scale
matter homogeneities. This constitutes a fine-tuning problem. A natural way to avoid this
is to take the inflaton to be axion-like, which possesses a naturally flat potential with the
shift symmetry [2, 3]. This model of inflation is known as the natural inflation, followed by
many of its variant models [4].
One major problem of the natural inflation is that the symmetry breaking scale has to
be very close to the Planck scale to have a spectral index for the matter power spectrum
compatible with observations [5]. It was noted that this scale could be lowered to the GUT
scale in a warm inflation scenario [6–9]. In warm inflation models [10–13] the couplings of
the inflaton field to other fields are considered during the inflationary period. This is like the
coupling to a heat bath in which noise and dissipative effects will be manifest. Specifically
the appearance of the dissipative term could prevent the inflaton field from rolling down the
potential quickly even for a steep potential, thereby lowering the constraint on the energy
scale.
Recently, a lot of attentions have been paid to the study of the phenomenological effects of
the axion-vector coupling on inflation [7, 14–27], with particular attentions to the influences
of particle production and its associated backreaction to the slow-roll inflation. This leads
to very interesting effects such as the generation of non-Gaussian and non-scale-invariant
density power spectrum [16, 17], the damping of primordial gravitational waves due to a
copious production of free-streaming particles [18], and the generation of stochastic gravita-
tional waves that could be detected at ground-based gravity-wave interferometers [19, 20],
and the formation of primordial black holes at density peaks near the end of inflation [21–23].
Despite the above mentioned works, we find that there is lacking a systematic study of
the origin of the effects caused by the axion-vector coupling in the natural inflation. In order
to understand the effect of the heat bath in more details, one could utilize the tools of the
closed time path (CTP) [28, 29], or the Schwinger-Keldysh formalism [30, 31], together with
the influence functional method [32]. In this open system approach the degrees of freedom
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of the heat bath are integrated out. This coarse graining process produces the noise and the
dissipation terms [33] that the system is subjected to. In the warm natural inflation model,
the axion-like inflaton is coupled to the electromagnetic field. One could therefore integrate
out the photon degrees of freedom giving an influence functional with the corresponding
noise and dissipation terms. In this paper we would explore this possibility, and then we
would study the effects of these terms to the evolution of the inflaton field.
II. CTP FORMALISM
To begin with we consider the following action of axion inflation with the inflaton field
ϕ(x) and its interaction with the photon field,
Stot =
∫
d4x
√−g
[
M2P
2
R− 1
2
(∂ϕ)2 − V (ϕ)− 1
4
F µνFµν − α
4f
ϕ F˜ µνFµν
]
, (1)
where R is the curvature scalar, MP the reduced Planck mass, V (ϕ) the inflaton potential,
f the axion decay constant, and α is a dimensionless parameter. The simplest example of
the inflaton potential would be
V (ϕ) = Λ4
[
1 + cos
(
ϕ
f
)]
. (2)
with the mass scale Λ ∼ mGUT and f < MP .
Here we take the spacetime to be conformally flat,
ds2 = a2(τ)(−dτ 2 + d~x · d~x), (3)
where a(τ) is the cosmic scale factor that depends on conformal time. The electromagnetic
field is Fµν = ∂µAν − ∂νAµ and F˜ µν = 12ǫµναβFαβ/
√−g is its dual, where the potential Aµ
satisfies the gauge conditions: Aτ = 0 and ∇µAµ = 0. Then one can write Aµ = (0, ~A) and
expand ~A in terms of the two physical degrees of freedom,
~A(~x, τ) =
∑
λ=R,L
∫
d3k
(2π)3/2
ei
~k·~xAλ(~k, τ)~ελ(~k), (4)
where ~ελ(~k) are the circular polarization vectors. They have the following properties,
~ε∗R,L(~k) = ~εL,R(~k) = ~εR,L(−~k);
~ε∗λ(~k) · ~ελ′(~k) = δλλ′ , ~k · ~ελ(~k) = 0;
~k × ~εR,L(~k) = ∓i|~k|~εR,L . (5)
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In terms of the physical modes the free photon action can be expressed as∫
d4x
√−g
(
−1
4
F µνFµν
)
=
1
2
∫
dτ
∑
λ
∫
d3k
[(
∂τA
∗
λ(
~k, τ)
)(
∂τAλ(~k, τ)
)
− ~k2A∗λ(~k, τ)Aλ(~k, τ)
]
. (6)
Note that these two free physical photon modes are equivalent to two independent massless
scalar fields, defined by
Aλ(~x, τ) =
∫
d3k
(2π)3/2
ei
~k·~xAλ(~k, τ). (7)
Next, we consider the inflaton photon interaction term. We have
−
∫
d4x
√−g α
4f
ϕ F˜ µνFµν
= −α
f
∫
d4xϕ(x)
∑
λ′
∫
d3k′
(2π)3/2
ei
~k′·~x
(
∂τAλ′(~k
′, τ)
)(
~ελ′(~k′)
)
i
×
∫
d3k
(2π)3/2
ei
~k·~x|~k|
[
AR(~k, τ)
(
~εR(~k)
)
i
− AL(~k, τ)
(
~εL(~k)
)
i
]
. (8)
To proceed we look more closely at the interaction between the two physical modes of
the photon and the inflaton. To do that we expand the inflaton field around a homogeneous
background, ϕ(~x, τ) = Φ(τ)+φ(~x, τ). First we consider the effect of the homogeneous back-
ground on the photon modes. For the homogeneous term, the inflaton photon interaction
term becomes
−
∫
d4x
√−g α
4f
Φ F˜ µνFµν
=
α
2f
∫
dτ (∂τΦ(τ))
∫
d3k|~k|
[
A∗R(~k, τ)AR(~k, τ)− A∗L(~k, τ)AL(~k, τ)
]
, (9)
where integrations by parts with respect to τ have been performed. This part can be
combined with the free photon action to give
−1
2
∫
dτ
∑
λ=R,L
∫
d3k A∗λ(~k, τ)
[
∂2τ +
~k2 ∓ 2aHξ|~k|
]
Aλ(~k, τ), (10)
where we have introduced the Hubble parameter and a dimensionless quantity, respectively,
H ≡ 1
a
da
dt
, ξ ≡ α
2fH
dΦ
dt
. (11)
Due to the coupling with the homogeneous background of the inflaton field, AR(~k, τ) will
grow with τ , while AL(~k, τ) will be exponentially suppressed (see Appendix A). In short,
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as long as the parameter ξ ≫ |kτ |, AR(~k, τ) will be amplified by a factor of eπξ, while the
other polarization AL(~k, τ) will have no such amplification. In the following consideration
we assume that the parameter ξ is indeed large enough for this to happen. We will therefore
retain only AR(~k, τ) and will treat it as a scalar field A(~x, τ) with the above quadratic
action (10). Hence we need to deal with the interaction term with φ(~x, τ), which becomes
−
∫
d4x
√−g α
4f
φ F˜ µνFµν
= −α
f
∫
d4xφ(x)
∫
d3k′d3k
(2π)3
ei(
~k′+~k)·~x
(
∂τA(~k
′, τ)
)
A(~k, τ)|~k|(~εR(~k′) · ~εR(~k)). (12)
Using the Fourier transform in Eq. (7), we have the following action for the photon field,
S = S0[A] + Sint[A, φ]
= −1
2
∫
dτ
∫
d3k A∗(~k, τ)
[
∂2τ +
~k2 − 2aHξ|~k|
]
A(~k, τ)
−α
f
∫
dτ
∫
d3x d3x′d3x′′ φ(~x′′, τ) (∂τA(~x′, τ))A(~x, τ)J (~x, ~x′, ~x′′), (13)
where
J (~x, ~x′, ~x′′) =
∫
d3k
(2π)3
d3k′
(2π)3
e−i
~k·(~x−~x′′) e−i
~k′·(~x′−~x′′)|~k|(~εR(~k) · ~εR(~k′))
= J (~x− ~x′′, ~x′ − ~x′′). (14)
is the interaction kernel. The interaction action can be written in a more compact form as
Sint[A, φ] =
α
f
∫
d4x d4x′d4x′′ A(x)A(x′)φ(x′′)F(x, x′, x′′), (15)
where
F(x, x′, x′′) = δ(τ − τ ′′)∂τ ′δ(τ ′ − τ ′′)J (~x, ~x′, ~x′′)
=
∫
d4k
(2π)4
d4k′
(2π)4
e−ik(x−x
′′) e−ik
′(x′−x′′) iω′ |~k|(~εR(~k) · ~εR(~k′)) (16)
is the four dimensional interaction kernel.
To implement the CTP formalism we use two copies of both the inflaton and the photon
fields, and write the CTP action as
S = S0[A+]− S0[A−] + Sint[A+, φ+]− Sint[A−, φ−]. (17)
The corresponding influence action SIF is defined by the path integral over the photon
degrees of freedom,
eiSIF =
∫
CTP
DA+DA−eiS. (18)
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with the CTP boundary conditions. Since we shall follow the perturbative approach, we
add sources to the photon action and express the influence functional eiSIF as∫
CTP
DA+DA−eiS+i
∫
J+A+−i
∫
J−A−
= e
iSint
[
1
i
δ
δJ+
,φ+
]
−iSint
[
1
−i
δ
δJ
−
,φ−
] ∫
CTP
DA+DA−e
i(S0[A+]−S0[A−]+
∫
J+A+−
∫
J−A−) (19)
This CTP integral can be evaluated using the Schwinger-Keldysh Green’s functions of the
photon field A(~x, τ). As a scalar field A(~x, τ) can be written in canonical form,
Aˆ(~x, τ) =
∫
d3k
(2π)3/2
[
aˆ(~k)A(~k, τ)ei
~k·~x + h.c.
]
, (20)
where the mode function A(~k, τ) satisfies
[
∂2τ +
~k2 − 2aHξ|~k|
]
A(~k, τ) = 0. (21)
It is chosen in such a way that as τ → −∞ it coincides with the Minkowski vacuum mode
function (see Appendix A). The explicit form of this mode function will be given in the
next section. Then the Schwinger-Keldysh Green’s functions can be expressed in terms of
A(~k, τ). In particular, the Green’s function G++(x, x
′) can be written as
−iG++(x, x′)
=
δ
δJ+(x)
δ
δJ+(x′)
∫
CTP
DA+DA−e
i(S0[A+]−S0[A−]+
∫
J+A+−
∫
J−A−)
∣∣∣∣
J+=J−=0
= −〈TAˆ+(x)Aˆ+(x′)〉. (22)
Hence, in terms of the mode function A(~k, τ), this Green’s function can be expressed as
G++(x, x
′) = −iθ(τ − τ ′)
∫
d3k
(2π)3
A(~k, τ)A∗(~k, τ ′) ei
~k·(~x−~x′)
−iθ(τ ′ − τ)
∫
d3k
(2π)3
A(~k, τ ′)A∗(~k, τ) e−i
~k·(~x−~x′). (23)
Similarly for the other Green’s functions, we have
G+−(x, x′) = −i δ
δJ+(x)
δ
δJ−(x′)
∫
CTP
DA+DA−e
i(S0[A+]−S0[A−]+
∫
J+A+−
∫
J−A−)
∣∣∣∣
J+=J−=0
= −i〈Aˆ−(x′)Aˆ+(x)〉
= −i
∫
d3k
(2π)3
A(~k, τ ′)A∗(~k, τ) e−i
~k·(~x−~x′), (24)
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G−+(x, x′) = −i δ
δJ+(x′)
δ
δJ−(x)
∫
CTP
DA+DA−e
i(S0[A+]−S0[A−]+
∫
J+A+−
∫
J−A−)
∣∣∣∣
J+=J−=0
= −i〈Aˆ−(x)Aˆ+(x′)〉
= −i
∫
d3k
(2π)3
A(~k, τ)A∗(~k, τ ′) ei
~k·(~x−~x′)
= G+−(x′, x), (25)
G−−(x, x′) = i
δ
δJ−(x)
δ
δJ−(x′)
∫
CTP
DA+DA−e
i(S0[A+]−S0[A−]+
∫
J+A+−
∫
J−A−)
∣∣∣∣
J+=J−=0
= −i〈T¯ Aˆ−(x)Aˆ−(x′)〉
= −iθ(τ − τ ′)
∫
d3k
(2π)3
A(~k, τ ′)A∗(~k, τ) e−i
~k·(~x−~x′)
−iθ(τ ′ − τ)
∫
d3k
(2π)3
A(~k, τ)A∗(~k, τ ′) ei
~k·(~x−~x′)
= −G∗++(x, x′) (26)
where T¯ is for the anti-time ordered operation.
¿From the representations of these Green’s functions in terms of the functional derivatives
with respect to the sources, it is possible to express the zeroth order CTP integral in Eq. (19)
as ∫
CTP
DA+DA−e
i(S0[A+]−S0[A−]+
∫
J+A+−
∫
J−A−)
= e−
i
2
∫
(J+G++J+−J+G+−J−−J−G−+J++J−G−−J−) (27)
Putting this result back into Eqs. (18) and (19) the influence functional SIF can be evaluated
in a perturbative manner in powers of α/f , the parameter in the interaction action. The
first-order term gives the in-in expectation value of the interaction. Up to the second order
in the inflaton field it is possible to identify the corresponding noise and dissipation kernels
due to the inflaton-photon interaction. We shall work this out in detail in the next two
sections. Subsequently one can also obtain the equation of motion of the inflaton field by
taking functional variation on the influence action. This equation of motion will be in the
form of a Langevin equation with a stochastic force of which the correlation function is given
by the noise kernel.
III. INFLUENCE FUNCTIONAL
In this section we shall detail the evaluation of the influence action SIF in powers of
the parameter α/f . As shown in the last section this is achieved by taking functional
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derivatives on the zeroth order CTP integral which is given in terms of the various Schwinger-
Keldysh Green’s functions. These functions are constructed using the mode function of the
corresponding quantum field (Eqs. (23) to (26)). In the case where ξ is large as compared
to |kτ |, the right-handed photon AR(k, τ) is enhanced while the left-handed one is not.
Therefore we can use the large ξ approximation of AR(k, τ) (Eq. (A6)) for mode function
A(~k, τ). Dropping the constant angular phase in AR(k, τ), we have
A(k, τ) =
1√
2k
(−kτ
2ξ
)1/4
eπξe−2
√−2ξkτ . (28)
Note that A(~k, τ) is real and depends only on k. As a consequence, all the Schwinger-Keldysh
Green’s functions are equal:
G++(x, x
′) = G−−(x, x′) = G+−(x, x′) = G−+(x′, x) = G−+(x, x′) ≡ G(x, x′) ;
G(x, x′) = −i
∫
d3k
(2π)3
A(k, τ)A(k, τ ′) ei
~k·(~x−~x′). (29)
Now we are ready to expand the influence functional eiSIF (19) in powers of α/f in
Sint (15),
SIF =
∞∑
i=1
δS
(i)
IF . (30)
Following Eq. (19) the first order δS
(1)
IF is obtained by second functional derivatives on the
zeroth order CTP integral (Eq. (27)).
δS
(1)
IF =
α
f
∫
d4x d4x′d4x′′
[
1
i
δ
δJ+(x)
1
i
δ
δJ+(x′)
φ+(x
′′)− 1−i
δ
δJ−(x)
1
−i
δ
δJ−(x′)
φ−(x′′)
]
× F(x, x′, x′′)e− i2
∫
(J+G++J+−J+G+−J−−J−G−+J++J−G−−J−)
∣∣∣
J+=J−=0
= i
α
f
∫
d4x d4x′d4x′′ F(x, x′, x′′)G(x, x′)∆φ(x′′), (31)
where we have defined ∆φ(x) ≡ φ+(x) − φ−(x). Using Eqs. (5), (16), and (29), it is
straightforward to show that∫
d4x d4x′ F(x, x′, x′′)G(x, x′) = i
2
∂τ ′′
∫
d3k
(2π)3
k A(k, τ ′′)A(k, τ ′′). (32)
where A(k, τ) is given by the large ξ approximation in Eq. (28). In the leading order of the
asymptotic expansion of 1/ξ, this integral can be evaluated readily to give∫
d4x d4x′ F(x, x′, x′′)G(x, x′) = i
(
135
65536π2
)
e2πξ
ξ4τ 4
(33)
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Hence, we reach the final form of the first-order term as
δS
(1)
IF = −
(
α
f
e2πξ
)∫
d4x∆φ(x)
135
65536π2ξ4τ 4
. (34)
For the second-order term, we have the following functional derivatives.
α2
2f 2
{
i
∫
d4x d4x′d4x′′
[
1
i
δ
δJ+(x)
1
i
δ
δJ+(x′)
φ+(x
′′)− 1−i
δ
δJ−(x)
1
−i
δ
δJ−(x′)
φ−(x′′)
]
F(x, x′, x′′)}2 e− i2
∫
(J+G++J+−J+G+−J−−J−G−+J++J−G−−J−)
∣∣∣
J+=J−=0
=
α2
2f 2
∫
∆φ(x5) {F(x1, x2, x5) [G(x1, x2)G(x3, x4) +G(x1, x3)G(x2, x4)
+G(x1, x4)G(x2, x3)]F(x3, x4, x6)}∆φ(x6). (35)
The first term in the brackets above represents the disconnected diagram which we shall
ignore. For the other two terms we follow the asymptotic analysis in [34] to obtain the
leading contribution in 1/ξ in the evaluation of the corresponding integrals. We then again
arrived at the following asymptotic expansions:∫
d4x1d
4x2d
4x3d
4x4F(x1, x2, x5)G(x1, x3)G(x2, x4)F(x3, x4, x6)
=
∫
d3k
(2π)3
ei
~k·(~x5−~x6)e4πξ
[
−
(
15 k3/2
256
√
2 π2 ξ7/2
)
1
(
√−τ5 +
√−τ6)7 e
−2√2ξk(√−τ5+
√−τ6) + . . .
]
,
(36)∫
d4x1d
4x2d
4x3d
4x4F(x1, x2, x5)G(x1, x3)G(x2, x4)F(x4, x3, x6)
=
∫
d3k
(2π)3
ei
~k·(~x5−~x6)e4πξ
[
−
(
105 k
1024 π2 ξ4
)
1
(
√−τ5 +
√−τ6)8 e
−2√2ξk(√−τ5+
√−τ6) + . . .
]
.(37)
With these expansions the second order term in Eq. (30) can be expressed as
δS
(2)
IF = i
(
α2
2f 2
e4πξ
)∫
d4x d4x′∆φ(x)∆φ(x′)
∫
d3k
(2π)3
ei
~k·(~x−~x′)e−2
√
2ξk(
√−τ+√−τ ′)
{[(
15 k3/2
256
√
2π2 ξ7/2
)
1
(
√−τ +√−τ ′)7 +
(
105 k
1024 π2 ξ4
)
1
(
√−τ +√−τ ′)8
]
+ . . .
}
(38)
where the ellipsis represents terms higher order in 1/ξ in the asymptotic expansion.
Similarly, omitting the disconnected terms, we can write the third-order term as
α3
6f 3
{
i
∫
d4x d4x′d4x′′
[
1
i
δ
δJ+(x)
1
i
δ
δJ+(x′)
φ+(x
′′)− 1−i
δ
δJ−(x)
1
−i
δ
δJ−(x′)
φ−(x′′)
]
F(x, x′, x′′)}3 e− i2
∫
(J+G++J+−J+G+−J−−J−G−+J++J−G−−J−)
∣∣∣
J+=J−=0
9
= − α
3
6f 3
∫
∆φ(x7)∆φ(x8)∆φ(x9)F(x1, x2, x7)F(x3, x4, x8)F(x5, x6, x9)
[G(x1, x3)G(x2, x5)G(x4, x6) +G(x1, x3)G(x2, x6)G(x4, x5)
+G(x1, x4)G(x2, x6)G(x3, x5) +G(x1, x5)G(x2, x3)G(x4, x6)
+G(x1, x5)G(x2, x4)G(x3, x6) +G(x1, x6)G(x2, x4)G(x3, x5)
+G(x1, x4)G(x2, x5)G(x3, x6) +G(x1, x6)G(x2, x3)G(x4, x5)] . (39)
¿From the symmetry of the terms we can separate them into two groups, one being with
the first six terms and the other with the last two terms. Note that in the first group, two
of the coordinates, x2, x4, and x6, are in one Green’s function. In the last two terms, these
coordinates are present in the three different Green’s functions.
Let us evaluate the integral involving the first term. Following similar steps in dealing
with the terms in δS
(2)
IF , we obtain∫
d4x1d
4x2d
4x3d
4x4d
4x5d
4x6F(x1, x2, x7)F(x3, x4, x8)F(x5, x6, x9)
G(x1, x3)G(x2, x5)G(x4, x6)
=
∫
d3k
(2π)3
∫
d3k′
(2π)3
ei
~k·(~x7−~x8) ei
~k′·(~x8−~x9)e6πξ
[
(−i)
(
105 k3/2k′1/2
8192π2ξ4
)(
1 +
~k · ~k′
kk′
)2
e−2
√
2ξ[(
√−τ7+
√−τ8)
√
k+(
√−τ8+
√−τ9)
√
k′]
(
√−τ7 +
√−τ9)8 + . . .
]
(40)
The other five integrals in the same group can be easily worked out by making permutations
of ~x7, ~x8, and ~x9. The last two integrals in Eq. (39) can be similarly evaluated. Hence, the
third-order term in Eq. (30) is
δS
(3)
IF
=
(
α3
6f 3
e6πξ
)∫
d4x1 d
4x′2 d
4x3∆φ(x1)∆φ(x2)∆φ(x3)∫
d3k
(2π)3
∫
d3k′
(2π)3
ei
~k·(~x1−~x2) ei
~k′·(~x2−~x3) ×
{[
105 (k3/2k′1/2 + kk′/3)
8192π2ξ4
](
1 +
~k · ~k′
kk′
)2
e−2
√
2ξ[(
√−τ1+
√−τ2)
√
k+(
√−τ2+
√−τ3)
√
k′]
(
√−τ1 +
√−τ3)8
+ . . .
}
(41)
Let us summarize what we have obtained for the perturbative expansion of the influence
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action SIF . Up to the third order, we have
SIF
= −
∫
d4x
√
−g(x)δV (x)∆φ(x)
+
i
2
∫
d4x1d
4x2
√
−g(x1)
√
−g(x2)∆φ(x1)N2(x1, x2)∆φ(x2)
+
1
6
∫
d4x1d
4x2d
4x3
√
−g(x1)
√
−g(x2)
√
−g(x3)∆φ(x1)∆φ(x2)∆φ(x3)N3(x1, x2, x3)
+ · · · (42)
where
δV (x) =
1
a(τ)
(
α
f
e2πξ
)(
135
65536π2
)
1
ξ4τ 4
(43)
N2(x1, x2)
=
1
a4(τ1)a4(τ2)
(
α2
f 2
e4πξ
)∫
d3k
(2π)3
ei
~k·(~x1−~x2)e−2
√
2ξk(
√−τ1+
√−τ2)
{[(
15 k3/2
256
√
2 π2 ξ7/2
)
1
(
√−τ1 +
√−τ2)7 +
(
105 k
1024 π2 ξ4
)
1
(
√−τ1 +
√−τ2)8
]
+ . . .
}
(44)
N3(x1, x2, x3)
=
1
a4(τ1)a4(τ2)a4(τ3)
(
α3
f 3
e6πξ
)
×∫
d3k
(2π)3
∫
d3k′
(2π)3
ei
~k·(~x1−~x2) ei
~k′·(~x2−~x3) ×
{[
105 (k3/2k′1/2 + kk′/3)
8192π2ξ4
](
1 +
~k · ~k′
kk′
)2
e−2
√
2ξ[(
√−τ1+
√−τ2)
√
k+(
√−τ2+
√−τ3)
√
k′]
(
√−τ1 +
√−τ3)8
+5 permutations of (x1, x2, x3) + . . .
}
(45)
IV. NOISE KERNEL AND THE LANGEVIN EQUATION
The influence action SIF obtained in the previous section has a stochastic interpretation
in analogue to the quantum Brownian motion model [33]. In particular, the terms quadratic
and cubic in ∆φ in SIF can be represented as the effect of a stochastic force.
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In the usual approach, where the cubic term is absent, the influence action can be rewrit-
ten as a path integral over a stochastic force ζ .
e−
1
2
∫
∆φN2 ∆φ ≡
∫
Dζ Pg[ζ ] e
−i ∫ ζ∆φ, (46)
where Pg[ζ ] is a gaussian probability functional
Pg[ζ ] = det(2πN2)
−1/2 e−
1
2
∫
ζ N−1
2
ζ . (47)
With this probability functional one obtain the correlation function of the stochastic force ζ
〈ζ(x1)ζ(x2)〉 =
∫
Dζ Pg[ζ ] ζ(x1) ζ(x2) = N2(x1, x2). (48)
Therefore, N2(x1, x2) is referred to as the noise kernel characterizing the quantum fluctua-
tions of the environment, that is, the photon field.
Now with the quadratic and the cubic ∆φ terms in Eq. (42), it is still possible to rewrite
them as the effect of a single stochastic force.
e−
1
2
∫
∆φN2 ∆φ+
i
6
∫
∆φ∆φ∆φN3 =
∫
Dζ P [ζ ] e−i
∫
ζ∆φ, (49)
where P [ζ ] is again a probability distribution function normalized to 〈1〉ζ ≡
∫
DζP [ζ ] = 1.
Evaluating the various correlation functions of ζ , we have
〈ζ(x)〉 =
∫
DζP [ζ ]ζ(x) = 0, (50)
〈ζ(x1)ζ(x2)〉 =
∫
DζP [ζ ]ζ(x1)ζ(x2) = N2(x1, x2), (51)
〈ζ(x1)ζ(x2)ζ(x3)〉 =
∫
DζP [ζ ]ζ(x1)ζ(x2)ζ(x3) = N3(x1, x2, x3). (52)
The outstanding feature of these correlators is that the three-point correlation function is
nonvanishing. The probability functional P [ζ ] of the stochastic force is therefore nongaus-
sian. As we shall see in the next section, this will be the source of nongaussianity for the
fluctuations of the inflaton field.
As in the usual case one can identify N2(x1, x2) as the noise kernel originated from the
electromagnetic interaction. According to the dissipation-fluctuation theorem, one would
expect a corresponding dissipation kernel. However, it is absent from the influence action
in Eq. (42). In fact, the dissipation and noise kernels are derived from the real and the
imaginary parts of the Green’s function of the quantum field, respectively. In the large ξ
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limit, the mode function in Eq. (28) is actually real, and the corresponding Green’s func-
tion in Eq. (29) is therefore purely imaginary. As given in Eq. (44), the noise kernel in
N2(x1, x2) ∼ e4πξ. This indicates that the instability of the photon enhances its quantum
fluctuations, while the dissipation effects are not enhanced in comparison to that. This could
be a general phenomenon which is worth further investigation.
Next, we investigate the corresponding equation of motion for the inflaton field with the
effects of the noise kernel included. From the action for the inflaton field φ in Eq. (1) up to
the quadratic order,
Sφ =
∫
d4x
√−g
[
−1
2
(∂φ)2 − 1
2
V ′′(Φ)φ2
]
. (53)
Hence, doing the variation
δ
δφ+
(Sφ[φ+]− Sφ[φ−] + SIF [φ+, φ−])
∣∣∣
φ+=φ−=φ
= 0, (54)
the equation of motion for φ can be obtained as, with SIF given by Eqs. (18) and (49),
1√−g∂µ
(√−ggµν∂νφ)− V ′′ren(Φ)φ = ζ, (55)
which is in the form of a Klein-Gordon-Langevin equation with the stochastic force term
given by ζ . Note that we have defined V ′′ren(Φ) = V
′′(Φ) + δV . In the metric (3), it reads
∂2τφ+ 2H∂τφ−∇2φ+ a2V ′′ren(Φ)φ = −a2ζ. (56)
We can see that the effect of the photon field, other than the renormalization of the potential,
is the production of the stochastic force ζ . The mode function of this equation without the
stochastic force term can be solved in the usual manner by choosing the Bunch-Davies
vacuum. One can construct the retarded Green’s function from this mode function. With
this Green’s function, the mode function with the stochastic force in the inhomogeneous
equation can be obtained. Then we can derive the correlation functions of the inflaton
field by taking the expectation value of the inflaton field as well as the stochastic average.
However, one can directly work with the path integral by putting in source terms. We shall
derive the correlation functions in this approach in the next section.
V. CORRELATION FUNCTIONS
Now we work on the correlation functions of the perturbation φ. To do that we go back to
the path integral. We add source terms so that the correlation functions can be obtained by
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taking functional derivatives with respect to these sources. We shall consider both the two-
point and three-point correlation functions. The two-point correlation function is related to
the power spectrum of the CMB anisotropy, while the three-point one to the nongaussianity
of the spectrum.
To start with we consider the CTP path integral of the effective action Γ, including the
influence action in Eq. (42) as well as source terms for φ+ and φ−.
eiΓ[J+,J−]
=
∫
Dφ+Dφ−
∫
DζP [ζ ]ei
∫
[− 12 (∂φ+)2− 12V ′′(Φ)φ2+]+i
∫
J+φ+
e−i
∫
[− 12 (∂φ−)2− 12V ′′(Φ)φ2−]−i
∫
J−φ−e−i
∫
ζ∆φ
=
∫
DζP [ζ ]e−
i
2
∫
[(J+−ζ)Gφ++(J+−ζ)−(J+−ζ)Gφ+−(J−−ζ)−(J−−ζ)Gφ−+(J+−ζ)+(J−−ζ)Gφ−−(J−−ζ)],
(57)
where we have imposed the CTP boundary conditions to obtain the various Schwinger-
Keldysh Green’s functions. For the inflaton field these Green’s functions are
Gφ++(x, x
′) = −i〈Tφ(0)(x)φ(0)(x′)〉, Gφ+−(x, x′) = −i〈φ(0)(x′)φ(0)(x)〉,
Gφ−+(x, x
′) = −i〈φ(0)(x)φ(0)(x′)〉, Gφ−−(x, x′) = −i〈T˜ φ(0)(x)φ(0)(x′)〉, (58)
where φ(0)(x) is the free inflaton field, and T˜ is for anti-time ordered.
The two-point correlator of the inflaton field, including the backreaction of the electro-
magnetic interaction, can be obtained by taking functional derivatives on the effective action
with respect to the sources.
〈φ(x)φ(x′)〉
= 〈φ−(x)φ+(x′)〉
∣∣∣
φ+=φ−=φ
=
1√−g(x)
δ
δJ−(x)
1√−g(x′)
δ
δJ+(x′)
eiΓ[J+,J−]
∣∣∣
J+=J−=0
=
∫
DζP [ζ ]
{
iGφ−+(x, x
′)−
∫
d4x1
√
−g(x1)
∫
d4x2
√
−g(x2) ×[
Gφ−+(x, x1)−Gφ−−(x, x1)
]
ζ(x1)ζ(x2)
[
−Gφ++(x2, x′) +Gφ−+(x2, x′)
]
+ · · ·
}
. (59)
Let us recall that the combination of the Green’s functions
Gφ−+(x, x1)−Gφ−−(x, x1) = −i〈φ(0)(x)φ(0)(x1)〉+ i〈T˜φ(0)(x)φ(0)(x1)〉
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= −iθ(τ − τ1)〈
[
φ(x)(0), φ(0)(x1)
]〉
= −Gφret(x, x1), (60)
gives exactly the retarded Green function Gφret(x, x
′). The appearance of this retarded
Green’s function is related to the fact that the equation of motion derived from the in-
in or Schwinger-Keldysh formalism respects causality explicitly. In a similar fashion, the
other combination of the Green’s functions also gives the retarded Green’s function
−Gφ++(x2, x′) +Gφ−+(x2, x′) = i〈Tφ(0)(x2)φ(0)(x′)〉 − i〈φ(0)(x2)φ(0)(x′)〉
= Gφret(x
′, x2), (61)
Moreover, according to the definition of the probability density in Eq. (51), the stochastic
average of two ζ ’s is just the noise kernel N2(x1, x2). Therefore, the two-point correlator in
Eq. (59) becomes
〈φ(x)φ(x′)〉
= iGφ−+(x, x
′) +
∫
d4x1
√
−g(x1)
∫
d4x2
√
−g(x2)Gφret(x, x1)Gφret(x′, x2)N2(x1, x2) + · · ·
(62)
The first term is the usual two-point correlator of the inflaton vacuum fluctuations. Under
quantization the inflaton field,
φ(0)(x) =
∫
d3k [a~kϕ~k(τ, ~x) + a
†
~k
ϕ∗~k(τ, ~x)] (63)
where ϕ~k(τ, ~x) is the mode function. During the inflationary epoch, the mode function can
simply be represented by
ϕ~k(τ, ~x) =
(
− H
25/2π k3/2
)
(−kτ)3/2H(1)3/2(−kτ) ei
~k·~x (64)
when the Bunch-Davies vacuum is chosen. With this mode function the first term above at
equal conformal time can be readily evaluated to be
iGφ−+
∣∣∣
τ ′→τ
=
∫
d3k
(2π)3/2
∫
d3k′
(2π)3/2
ei
~k·~xei
~k′·~x′δ(~k + ~k′)
(
2π2
k3
)
P
(0)
φ , (65)
where
P
(0)
φ =
H2
4π2
(1 + k2τ 2) (66)
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is the power spectrum of the free inflaton field.
The second term in Eq. (62) gives the backreaction effect due to the electromagnetic
interaction. It involves the retarded Green’s function of the free inflaton field. In terms of
the mode function in Eq. (64),
Gφret(x, x
′) = iθ(τ − τ ′)
∫
d3k
[
ϕ~k(τ, ~x)ϕ
∗
~k
(τ ′, ~x′)− ϕ∗~k(τ, ~x)ϕ~k(τ ′, ~x′)
]
(67)
Together with the noise kernel in Eq. (44), one can work on the integrals in this second
term. As in the evaluation of the influence action in Section III, we shall again develop an
asymptotic expansion in 1/ξ. In this manner, at equal comformal time, the second term
gives ∫
d4x1
√
−g(x1)
∫
d4x2
√
−g(x2) Gφret(x, x1)Gφret(x′, x2)N2(x1, x2)
∣∣∣∣
τ ′→τ
=
∫
d3k
(2π)3/2
∫
d3k′
(2π)3/2
ei
~k·~xei
~k′·~x′δ(~k + ~k′)
(
α2
f 2
e4πξ
)(
H4
4π2k3ξ8
)
e−4
√
2ρ
[
105
262144
ρ2 +
15
32768
√
2
ρ5/2
]
+ . . . (68)
where we have defined ρ ≡ −ξkτ . From this result one can obtain the correction to the
power spectrum [16],
P
(1)
φ =
(
α2
f 2
)(
H2
4π2
)2(
e4πξ
ξ8
)
h2(ρ) (69)
where the function
h2(ρ) = e
−4√2ρ
[
105
131072
ρ2 +
15
16384
√
2
ρ5/2
]
(70)
The maximum value of this function
h2|max ∼ 5.86× 10−6 (71)
at ρ ∼ 0.6.
Next we work on the three-point correlator. There are four types of functional derivatives:
− 1√−g(x) δδJ+(x)
1√−g(x′) δδJ+(x′)
1√−g(x′′) δδJ+(x′′)eiΓ[J+,J−]
∣∣∣
J+=J−=0
= i〈T (φ(x)φ(x′)φ(x′′))〉 (72)
1√−g(x) δδJ−(x)
1√−g(x′) δδJ+(x′)
1√−g(x′′) δδJ+(x′′)eiΓ[J+,J−]
∣∣∣
J+=J−=0
= i〈φ(x)T (φ(x′)φ(x′′))〉 (73)
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− 1√−g(x)
δ
δJ−(x)
1√−g(x′)
δ
δJ−(x′)
1√−g(x′′)
δ
δJ+(x′′)
eiΓ[J+,J−]
∣∣∣
J+=J−=0
= i〈T˜ (φ(x)φ(x′))φ(x′′)〉 (74)
1√−g(x) δδJ−(x)
1√−g(x′) δδJ−(x′)
1√−g(x′′) δδJ−(x′′)eiΓ[J+,J−]
∣∣∣
J+=J−=0
= i〈T˜ (φ(x)φ(x′)φ(x′′))〉 (75)
It is obvious that each of them would converge to the same equal-time three-point correlation
function 〈φ(τ, ~x)φ(τ, ~x′)φ(τ, ~x′′))〉. For example, it is straightforward to show that
〈φ(τ, ~x)φ(τ, ~x′)φ(τ, ~x′′))〉
= 〈T (φ(x)φ(x′)φ(x′′))〉
∣∣∣
τ>τ ′→τ>τ ′′→τ
= i
1√−g(x)
δ
δJ+(x)
1√−g(x′)
δ
δJ+(x′)
1√−g(x′′)
δ
δJ+(x′′)
eiΓ[J+,J−]
∣∣∣
J+=J−=0, τ>τ ′→τ>τ ′′→τ
= −
∫
d4x1
√
−g(x1)
∫
d4x2
√
−g(x2)
∫
d4x3
√
−g(x3)×
Gφret(x, x1)G
φ
ret(x
′, x2)G
φ
ret(x
′′, x3)N3(x1, x2, x3)
∣∣∣
τ>τ ′→τ>τ ′′→τ
, (76)
where N3 is given by the stochastic force three-point function in Eq. (45).
With the expression in Eq. (76), we can now calculate the three point correlation function
at equal conformal time as the two point correlator above. Again we are concerned with the
asymptotic behavior of this three point correlator for large ξ. After evaluating the 6 terms
due to permutations of x1, x2, and x3 in N3(x1, x2, x3), we arrive at
〈φ(τ, ~x)φ(τ, ~x′)φ(τ, ~x′′))〉
=
∫
d3k1
(2π)3/2
∫
d3k2
(2π)3/2
∫
d3k3
(2π)3/2
ei
~k1·~xei
~k2·~x′ei
~k3·~x′′δ(~k1 + ~k2 + ~k3)
(
1
k6
)
×
(
− 3
10
)
(2π)5/2
(
α3
f 3
)(
H2
4π2
)3(
e6πξ
ξ12
)(
1 + x32 + x
3
3
x32x
3
3
)
h3(ρ; x2, x3) (77)
where we have parametrized the magnitudes of the vectors, ~k1, ~k2, and ~k3, constituting a
triangle as |~k1| = k, |~k2| = x2k, and |~k3| = x3k. The function h3(ρ; x2, x3) is given by
h3(ρ; x2, x3) =
(
175
25165824
ρ5
)[
x32x
3
3(1 + x2 + x3)
2
1 + x32 + x
3
3
]
×[
(3 + 2
√
x2 + 3x2)(1 + x2 − x3)2
x
5/2
2 (1 +
√
x2)2
e−4
√
2ρ(1+
√
x2)
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+
(3 + 2
√
x3 + 3x3)(1− x2 + x3)2
x
5/2
3 (1 +
√
x3)2
e−4
√
2ρ(1+
√
x3)
+
(3x2 + 2
√
x2
√
x3 + 3x3)(1− x2 − x3)2
x
5/2
2 x
5/2
3 (
√
x2 +
√
x3)2
e−4
√
2ρ(
√
x2+
√
x3)
]
. (78)
To get a feeling on the magnitude of h3, we consider the case with the shape of an equilateral
triangle where x2 = x3 = 1. Here,
h3(ρ; 1, 1) =
(
525
4194304
ρ5
)
e−8
√
2ρ. (79)
The maximum value of this function
h3|max ∼ 1.65× 10−9 (80)
at ρ ∼ 0.78. If we take ρ = 0.6, where the maximum value of h2 occurs,
h3(0.6; 1, 1) = 1.52× 10−9. (81)
According to the way that Eq. (77) is laid out, one can identify the nonlinear parameter of
nongaussianity fNL of the inflaton field [16] as
fNL = −
(
α3
f 3
)(
e6πξ
ξ12
)
h3(ρ; x2, x3). (82)
VI. CONCLUSION
We have studied the electromagnetic coupling effects in natural inflation in the Schwinger-
Keldysh formalism. The axion-photon-like coupling renders the spinoidal instability that
leads to a copious production of helical electromagnetic fields during inflation. By tracing
out the electromagnetic field, we have obtained the corresponding influence functional in the
one-loop level, up to cubic order in the inflaton field. It is possible to interpret this functional
as due to the effects of a single stochastic force. In this respect, the resulting probability
density for the stochastic force will no long be gaussian. The two-point correlation function
of the stochastic force is still given by the noise kernel. On the other hand, the three-point
correlator will be nonvanishing. In turn, this will give rise to the nongaussianity effect of
the inflaton field correlators.
We have also derived the equation of motin for the inflaton perturbation at one-loop level.
It is in the form of a Langevin equation with the noise term originated from the fluctuations
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of the photon production. However, we have found that the dissipation term is absent
in the Langevin equation. This seems to contradict the fluctuation-dissipation theorem.
One should be reminded that the theorem holds only in the consideration of perturbative
processes. It does not apply to the present case, because there is the spinoidal instability in
which photon obtains a negative effective mass and becomes tachyonic, thus making all the
Schwinger-Keldysh photon Green’s functions equal. As a result, the photon production is a
perfect energy sink rather than a dissipating process.
The two-point and the three-point correlation functions are worked out explicitly here.
It is interesting to note that only the retarded Green’s function is involved since the in-in
formalism is explicitly causal. The two-point correlator gives the correction to the usual
power spectrum of the inflation field, whereas the three-point correlator gives the nongaus-
sianity effect of the inflaton field. Both these results mostly agree with those in the previous
work [7, 16, 17].
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Appendix A: Photon mode functions
Henceforth we assume that the spacetime is quasi de Sitter, meaning that H and dΦ/dt
are approximately constant. Therefore, we can treat ξ as a constant parameter and that
a = eHt = −1/(Hτ). The photon mode equation can be obtained from the quadratic term
in the action (10) as [
∂2τ + k
2 ± 2ξk
τ
]
AR,L(~k, τ) = 0, (A1)
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where k = |~k|. To solve the mode equation, let us begin with the Whittaker equation:
d2y
dz2
+
[
−1
4
+
κ
z
+
1− µ2
4z2
]
y = 0. (A2)
The independent solutions of this second-order differential equation are the Whittaker func-
tions, Wκ,µ/2(z) and W−κ,µ/2(−z), composed of the confluent hypergeometric functions [35].
If we take z = −2ikτ , κ = ±iξ, and µ = 1, then the photon mode equation will be the
Whittaker equation with solutions,
AR,L(k, τ) =
e±ξπ/2√
2k
W∓iξ,1/2(2ikτ), (A3)
which are normalized such that as kτ → −∞, they reduce to the adiabatic vacuum solutions,
AR,L(k, τ)→ e−ikτ/
√
2k. Here in taking the limit, we have used the asymptotic form of the
Whittaker functions [36]:
Wκ,µ/2(z) ∼ zκe−z/2
[
1 +O
(
1
z
)]
, (A4)
as |z| → ∞ with |arg(z)| < 3π/2. Next let us consider the behavior of the mode functions
in limiting values of ξ. As ξ → 0, they resume the plane wave solutions, AR,L(k, τ) =
e−ikτ/
√
2k. This is expected from the conformal invariance of a photon field in a conformally
flat space-time that prohibits the growth of the photon field. As ξ →∞, making use of the
asymptotic forms of the Whittaker functions for large κ with Im(κ) > 0 and Im(κ) < 0 [36]:
Wκ,µ/2(z) ∼
( z
4κ
)1/4
eκ lnκ−κ∓i(πκ−π/4−2
√
zκ), (A5)
we obtain that
AR(k, τ) ∼ 1√
2k
(
k|τ |
2ξ
)1/4
eπξ−2
√
2k|τ |ξe−iξ ln ξ+iξ−iπ/4, (A6)
AL(k, τ) ∼ 1√
2k
(
k|τ |
2ξ
)1/4
eiξ ln ξ−iξ+2i
√
2k|τ |ξ. (A7)
Note that AR(k, τ) is amplified by a factor of exp(πξ) as compared to AL(k, τ). We thus
conclude that the effect of photon particle production on inflation comes mainly from the
AR modes. This justifies our treatment of neglecting the AL modes in the CTP calculation.
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